Two theorems on the decomposition of products in nilpotent commutative table algebras are established. This generalizes several results of Adan-Bante on the decomposition of products of irreducible characters and of conjugacy classes of finite p-groups, and extends these results to fusion rule algebras and association schemes.
Introduction
The purpose of this article is to generalize to the context of table algebras, and thereby prove in a uniform way, several results of E. Adan-Bante [1] [2] [3] [4] on the decomposition of products of irreducible characters and of conjugacy classes of finite p-groups. These results yield optimal lower bounds on the number of constituents in the decompositions. Table algebras were introduced by Z. Arad and the author [5] for the exact purpose of synthesizing arguments, or of finding new results and arguments, on products of characters and products of conjugacy classes. We soon learned that we had re-discovered a variant of several prior concepts, which include C-algebras, hypergroups, fusion rule algebras, and the adjacency (or Bose-Mesner) algebras of association schemes. See [8, Section 1] for a brief historical survey. Among the consequences of the main theorems of this article are new results for fusion rule algebras and association schemes, as we note later in this section.
Some definitions, notation, and review of known facts are needed to establish our context. The definition below of table algebra is as in [ nonsingular, generalized table algebra in [6] . The original definition, for the commutative case, is in [5] . Example 1.1. For any finite group G, the group algebra CG with basis G is a standard table algebra. Here, the antiautomorphism is induced from inversion on G, and the degree map is the augmentation map (so |g| = 1, all g ∈ G). Another example of a standard table algebra is (Z (CG), Cla(G)), the center of CG with basis Cla(G), the set of sums over the various conjugacy classes of G. The antiautomorphism and degree map for Z (CG) are the restrictions of those for CG. Yet another table algebra is (Ch(G), Irr(G)), the set of complexvalued class functions on G with pointwise addition and multiplication, and with basis the set of irreducible characters of G. The (anti)automorphism is given by complex conjugation on Irr(G), extended linearly; and the degree |χ | = χ (1) , all χ ∈ Irr(G). This algebra is not standard (unless G is abelian), as the principal character 1 G has coefficient 1 in the decomposition of χ χ .
Definition 1.1. A table algebra (A,
B
Example 1.2.
A finite-dimensional fusion rule algebra, as defined in [10, pp. 47-48] , is a commutative table algebra such that all the structure constants β ijl are integers, and β ii * 0 = 1 for all 0 i d. So for any finite group G, (Ch(G), Irr(G)) is an example of a fusion rule algebra. A fusion ring, or based ring, as in [11] , shares the properties of a fusion rule algebra, but is not necessarily commutative. Example 1.3. The Bose-Mesner (or adjacency) algebra of an association scheme is an example of a standard table algebra. Given an association scheme (in the sense of [13] ) on an underlying set with n < ∞ elements, each relation of the scheme is encoded in an n × n 0/1 matrix. The set of these adjacency matrices forms a basis for the algebra that it generates, and Definition 1.1 is satisfied, where the antiautomorphism is matrix transpose. The degree of each adjacency matrix is the sum over any of its rows, and this well defined positive integer is the valency of the corresponding relation. (
(iv) If B is the set of adjacency matrices of an association scheme, then o(B) is the cardinality of the underlying set of the scheme. (i) It follows from [7, Theorem 4] and the fact that all quotient algebras we consider are standard, that C E and C ∩ E are closed subsets, {b//E | b ∈ C } spans C E//E , and the correspondence b//E → b//C ∩ E for all b ∈ C is well defined and extends linearly to an algebra isomorphism between C E//E and (ii) L(B) is a group; in particular, it is a closed subset of B.
Example 1.5. Let G be a finite group. The linear elements of Cla(G) comprise Z (G), the center of G.
The linear elements of Irr(G) are the usual linear characters. The linear elements of the basis of adjacency matrices for the Bose-Mesner algebra of an association scheme are permutation matrices.
, and for i 1, 
The normal subgroups that correspond to the closed subsets L (i) (Irr(G) ) are the terms of the lower central series for G: 
It is immediate from the associative law that S b is a subgroup of L(B). 
We prove in Proposition 2.6 below that if c ∈ L (2) (B)\L (1) Our results can be stated at last. Proofs will be given in Section 3. 
Corollary 1.8. (See [3, Theorem A].) Suppose that G is a finite p-group and g, h ∈ G with card(Cl
(g)) = p = card(Cl(h)i | = |b j | = p m , either η(b i , b j ) = 1 or η(b j , b j ) (p + 1)/2.η(b j , b j ) = 1 or η(b i , b j ) (p + 1)/2.
Corollary 1.11. (See [4, Lemma 2.3, Theorem A].) Suppose that G is a finite p-group and χ , θ ∈ Irr(G) with χ (1) = θ(1) = p. Then χ θ either has a single irreducible constituent or is a linear combination of at least
(p + 1)/2 irreducible characters. 
Preliminary results

Throughout this section, (A,
The following result is an immediate consequence. Proof. (A, B ) is 
Proposition 2.2. For all
0 i, j, l d, b i ∈ Supp B (b j b l ) ⇔ b j ∈ Supp B b i b * l ⇔ b l ∈ Supp B b * j b i .
Theorem 2.4. Suppose that (A, B) is p-valenced and p-fractional for some prime p. Suppose also that o(B)
Now β ijl ∈ Z 0 by the definition of fusion rule algebra, and if β ijl > 0 we have |b i ||b j | = |b i b j | |b l |.
In this case, n i +n j −n l 0, and in any case,
Hence, n i + n j − n l > 0 and so p|β ijl . 2 
Proposition 2.6. Suppose that B is nilpotent and B = L(B). Then for any c
Proof. By Eq. (1.1), we may index a subset of Supp B (bb * ) 
. Remark 1.9(i) yields that |b//L| 1. 2
Our final lemma is easily checked by elementary differential calculus, and must be very well known. 
Lemma 2.9 and 1 < γ γ 1 imply that
ln γ = (log γ |b|)(γ − 1), which is the desired conclusion. So we may assume that card(S b ) > 1. Thus Definition 1.13 yields that 1 < γ card(S b ). Then by Lemma 2.9, Hence by Theorem 1.1, 
So it suffices to assume that n l 1 for all 1 l t. Now 
. Thus we have, for some r, s ∈ Z 0 , β u ∈ Z >0 for 1 u r, 
